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We study the absorption spectrum of a probe field by a Λ-type three-level system, which is coupled
to a quantized control field through the two upper energy levels. The probe field is applied to the
ground and the second excited states. When the quantized control field is in vacuum, we derive
a threshold condition to discern vacuum induced transparency (VIT) and vacuum induced Autler-
Townes splitting (ATS). We also find that the parameter change from VIT to vacuum induced
ATS is very similar to that from broken PT symmetry to PT symmetry. Moreover, we find the
photon number resolved spectrum in the parameter regime of vacuum induced ATS when the mean
photon number of the quantized control field is changed from zero (vacuum) to a finite number.
However, there is no photon number resolved spectrum in the parameter regime of VIT even that
the quantized control field contains the finite number of photons. Finally, we further discuss possible
experimental realization.
PACS numbers: 42.50.Dv, 42.50.-p, 42.50.Ct
I. INTRODUCTION
Electromagnetically induced transparency (EIT) [1–4]
is extensively studied in various three-level systems [5, 6],
which interact with a classical control field and a probe
field. If a medium can be modeled as an ensemble of
many identical three-level atoms, then using EIT mecha-
nism and under appropriate conditions, we can find that
the absorption of the probe field by the medium can be
reduced, and the medium can becomes effectively trans-
parent at the zero absorption for the probe field, e.g., the
probe field can freely pass through the medium. Thus,
EIT is usually used to eliminate the medium effect on
the probe field by a classical control field. If the absorp-
tion is monitored, then the reduction in the absorption
is characterized by a dip [8] in the absorption spectrum,
and also there are two peaks surrounding the dip.
It is known that EIT is closely related to Autler-
Townes splitting (ATS) [7]. Both EIT and ATS study
the absorption of the probe field by a driven three-level
system. Both of them display a reduction in absorp-
tion, and have two peaks and a dip in their absorption
spectra [8]. However, the physical mechanisms of their
peaks and dip are different. In ATS, the peaks and dip
are due to two resonances corresponding to energy level
splitting, induced by the strong control field. However,
the peaks and dip in EIT are due to the quantum inter-
ference when two resonances in ATS become overlapped.
The quantum interference can be understood via dressed
states [9], formed by the three-level system and control
field. That is, one resonant transition path, linked by
the probe field in bare atomic energy levels when the
control field is not applied, becomes into two resonant
∗Electronic address: yuxiliu@mail.tsinghua.edu.cn
transition paths in dressed state picture when the con-
trol field is applied, and thus the resonant absorption of
the probe field in bare atom might be canceled through
the quantum interference of transitions from these two
paths. The threshold condition to distinguish EIT from
ATS has been theoretically explored [10, 11] and also
experimentally studied [12–15]. ATS occurs when the
strength of the control field is larger than the critical
value. EIT may appear when the strength of the control
field is smaller than the critical value. Roughly speaking,
the strength of the control field for EIT is smaller than
that for ATS. A natural question is whether two peaks
and a dip can still appear when the photon number in
the control field is finite or is further reduced to zero?
The answer to this question is related to the interaction
between the quantized control field and the three-level
system.
We know that quantized fields can also form dressed
states with atoms. However, dressed states composed by
quantized field and atom are very different from those
composed by classical field and atom. For example, a
dressed two-level system by a classical field still possesses
a character of two energy levels [9, 16], which was exper-
imentally demonstrated [17], for example, via two-level
superconducting quantum circuits [18–20]. Whereas, a
dressed two-level system by a quantized field possesses
many energy levels. Using a structure of three energy lev-
els, chosen from many energy levels of dressed two-level
systems by a quantized field [21], both EIT and ATS have
been theoretically studied [22, 23]. Moreover, dressed
two-level systems by quantized fields are also used to
generate stimulated amplification [24], demonstrate at-
tenuation effects [25], and exhibit polariton states with
selective radiation spectrum [26].
Let us come back three-level system with Λ transitions
for EIT and ATS. If the classical control field in such a
system is replaced by a quantized control field, then the
2so-called vacuum induced transparency (VIT) resulted
from the quantum interference has been theoretically and
experimentally studied when the quantized control field
is in vacuum and the coupling strength between three-
level system and quantized control field is in the weak
coupling regime [27, 28]. However, to our knowledge, the
energy-level splitting induced by vacuum is not studied
when such three-level system and quantized control field
is in the strong coupling regime. Hereafter, we call vac-
uum induced energy level splitting as vacuum induced
ATS in analogy to ATS. Furthermore, the threshold con-
dition to discern VIT from vacuum induced ATS is not
studied. Although the photon number effect of the quan-
tized control field on the quantum interference is men-
tioned in Ref. [28], and also the dependence of the EIT
group delay on the photon number is studied in Ref. [29],
there is no study about the photon number effect on the
energy level splitting in analogy to ATS.
Here, we study absorption spectrum of a probe field
by a Λ-type three-level system, which is coupled to a
quantized control field through the first and second ex-
cited states. When the quantized control field is in vac-
uum, we first derive a threshold condition to discern VIT
from vacuum induced ATS, then we further analyze how
VIT is changed to vacuum induced ATS when the decay
rate of the cavity field or the coupling strength between
the quantized control field and three-level system is var-
ied. This analysis is very similar to that for PT symmet-
ric systems, e.g., in Refs. [30–32]. When the quantized
control field contains finite number of photons, we first
show how the photon number affects the absorption spec-
trum when the coupling strength is in the VIT parame-
ter regime. In particular, we will show that the photon
number resolved spectrum can be found when the cou-
pling strength is in the parameter regime of vacuum in-
duced ATS. In view of experimental progresses of atomic
physics and superconducting quantum devices [18–20]
and circuit quantum electrodynamics (CQED) [33], on
which ATS [34–40], population trap [41], adiabatic pop-
ulation transfer [42],and EIT [43, 44] have been theo-
retically and experimentally demonstrated, we will also
discuss possible experimental realization of VIT and vac-
uum induced ATS in either atomic systems or supercon-
ducting CQED systems.
Our paper is organized as follows. In Sec. II, we de-
scribe theoretical model and write out dressed states of
the studied system. In Sec. III, we give a definition of the
susceptibility, and then show detailed steps for deriving
a formula to describe the susceptibility. In Sec. IV, we
analyze the properties of the absorption spectrum when
the quantized control field is in vacuum. Similar to the
asymmetric profile of the absorption spectrum [45, 46] for
classically driven three-level system, we give a detailed
analysis on the asymmetric profile of two resonances.
Then, we derive a threshold condition to discern VIT
from vacuum induced ATS. In Sec. V, we analyze pho-
ton number effect on EIT and ATS by incoherently or
coherently pumping the quantized control field. In par-
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FIG. 1: (Color online) (a) A schematic diagram for a three-
level system with Λ-type transitions inside the cavity. Here
two green curves schematically represent the cavity field. (b)
The schematic diagram for three-level system coupled to a
single-mode cavity field and a classical probe field. The cavity
field induces the transition between the energy levels |e〉 and
|f〉, however the probe field induces the transition between
the energy levels |e〉 and |g〉. Here, ∆′ = ωe − ωp is the
detuning between the probe field with the frequency ωp and
the transition frequency ωe of the three-level system, δ =
ωc − (ωe − ωf ) denotes the detuning between the cavity field
with the frequency ωc and the transition frequency ωe − ωf
of the three-level system. (c) A schematic diagram for the
energy levels of the cavity field with the equal level spacing.
ticular, we show the photon number resolved spectrum
when the coupling strength between quantized control
field and three-level system is in the parameter regime
of vacuum induced ATS. We will also analyze the reason
why there is no photon number resolved spectrum when
the coupling strength between the quantized controlled
field and three-level system is in the parameter regime of
VIT. In Sec. VI, we will apply our study to atomic sys-
tems and superconducting CQED systems and discuss
possible experimental realization. Finally, we summarize
the results in Sec. VII.
II. HAMILTONIAN OF THE SYSTEM
As schematically shown in Fig. 1, we study a Λ-type
three-level system, which is placed inside a cavity. The
ground state, first and second excited states of the three-
level system are denoted by |g〉, |f〉 and |e〉. For gener-
ality of the study, we first do not specify this three-level
system to a particular physical object. We further as-
sume that the quantized single-mode cavity field with
frequency ωc induces the transition from the energy level
|f〉 to the energy level |e〉, while a weak classical probe
field with frequency ωp induces the transition between
the energy levels |g〉 and |e〉. Later on, we call the quan-
tized single-mode cavity field as the quantized control
3field or the cavity field. Under the rotating-wave approx-
imation, the Hamiltonian of the whole system is given
by
H = Hc +Hp, (1)
with
Hc = ~ωca
†a+ ~ωe |e〉 〈e|+ ~ωf |f〉 〈f | (2)
+~η(|e〉 〈f | a+ h.c.),
and
Hp = ~ε(|e〉 〈g| e−iωpt + h.c.), (3)
where ωf and ωe are the transition frequencies from the
first excited state |f〉 and the second excited state |e〉 to
the ground state |g〉, respectively. The parameter η de-
notes the coupling strength between the three-level sys-
tem and the cavity field, ε denotes the coupling strength
between the probe field and the three-level system.
It is obvious that the probe field can be resonantly ab-
sorbed by the three-level system when the cavity field is
not coupled to the three-level system, i.e., η = 0. To
clearly show the effect of the cavity field on the absorp-
tion of the probe field, we now rewrite the Hamiltonian
in Eq. (2) in the dressed state basis, formed by the cav-
ity field and two upper energy levels |e〉 and |f〉 of the
three-level system. That is, the Hamiltonian in Eq. (2)
can be rewritten as
Hc =
∑
n
(E−,n |un〉 〈un|+ E+,n |vn〉 〈vn|), (4)
in the dressed state basis |un〉 and |vn〉, given by
|un〉 = cos θn |n, e〉 − sin θn |n+ 1, f〉 , (5)
|vn〉 = sin θn |n, e〉+ cos θn |n+ 1, f〉 , (6)
with n-dependent parameter
θn =
1
2
tan−1
[
2η
√
n+ 1
δ
]
, (7)
and δ = ωc − (ωe − ωf). Here, the state |n + 1, f〉 (or
|n, e〉) denotes that there are n+1 (or n) photons inside
the cavity and the three-level system is in the state |f〉 (or
|e〉). Later on, for convenience, we call |un〉 and |vn〉 as
n-photon dressed states. The eigenvalues E−,n and E+,n,
corresponding to eigenstates |un〉 and |vn〉, are given by
E±,n = (n+
1
2
)~ωc +
~
2
(ωe + ωf )
±~
2
√
δ2 + 4η2(n+ 1). (8)
Using dressed states in Eq. (5) and Eq. (6) as basis, the
Hamiltonian Hp in Eq. (3) can be rewritten as
Hp = ~ε
∑
n
[
(cos θn |un〉+ sin θn |vn〉) 〈n, g| e−iωpt + h.c.
]
,
(9)
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FIG. 2: Schematic diagrams for the coupling between the
dressed three-level system and the weak probe field. (a) shows
that the probe field, used to induce the transition between the
ground state |g〉 and the excited state |e〉 when the cavity field
does not exist, is changed to induce the transitions from the
ground state |0, g〉 to the states |u0〉 and |v0〉, respectively,
in the dressed state basis when the cavity field is in vacuum.
(b) shows that the transition from the state |n, g〉 to the state
|n, e〉 are changed to the transitions from the state |n, g〉 to the
states |un〉 and |vn〉, respectively, in the dressed state basis
when the cavity field contains the finite number of photons.
Here, as an example, we just take n = 0 and n = 1.
by replacing |n, e〉 with |un〉 and |vn〉. We note that |n, g〉
is not a dressed state, but it is orthogonal to |un〉 and
|vn〉. This is because |un〉 and |vn〉 are linear superpo-
sition of |n, e〉 and |n+ 1, f〉, which are orthogonal to
|n, g〉. Here, we will study the absorption spectrum of
the whole system to the probe field when the cavity field
is in vacuum or contains the finite number of photons, as
schematically shown in Fig. 2. The basic mechanism of
absorption for two cases can be qualitatively explained
as below.
If there is no photon inside the cavity or the cavity
field is in vacuum, then all populations are in the ground
state |0, g〉 when the whole system reaches the steady
state. Thus, the probe field, which induces the tran-
sition between the states |g〉 and |e〉 when there is no
cavity field, is changed to link the transition from the
state |0, g〉 to the state |0, e〉 when the cavity field is cou-
pled. Thus, in the dressed state basis, as schematically
shown in Fig. 2(a), one transition path from the state
|0, g〉 to the state |0, e〉 can be changed to two transition
paths from the state |0, g〉 to the states |u0〉 and |v0〉,
respectively. This is because |0, e〉 can be expressed as
the superposition of |u0〉 and |v0〉. In different parameter
regimes of the coupling strength between the quantized
control field and the three-level system, these transitions
might result in either VIT spectrum [27, 28] or vacuum
induced ATS spectrum. In the following, we will give a
detailed study for a threshold condition to discern them.
If there is the finite number N of photons inside
the cavity, all states |n, g〉, |n, f〉 and |n, e〉 with n =
0, 1, · · · , N might be occupied with the certain proba-
bility when the whole system reaches the steady state.
Thus, the probe field, which induces the transitions be-
tween the energy levels |g〉 and |e〉 when there is no cav-
4ity field, links N transitions between the energy levels
|n, g〉 and |n, e〉 (n = 0, 1, · · · , N) when the cavity field
is coupled. In the dressed state basis, as schematically
shown in Fig. 2(b), each probe-field-induced transition
from the state |n, g〉 to the state |n, e〉 is changed to tran-
sitions from the state |n, g〉 to the dressed states |un〉
and |vn〉, respectively. In this case, the absorption spec-
trum of the probe field should be sum of 2N transitions
from the state |n, g〉 to the dressed states |un〉 and |vn〉
with n = 0, 1, · · · , N . These 2N transitions play differ-
ent roles in the parameter regime of VIT and vacuum
induced ATS. The quantitative analysis will be given be-
low.
III. SUSCEPTIBILITY AND MASTER
EQUATION
The key parameter to characterize the absorption of
a probe field by a system is the linear susceptibility χ.
Its real and imaginary parts represent the dispersion and
the absorption of the probe field, respectively. When
the probe field is applied to a three-level system via the
transition from the state |g〉 to the state |e〉, the linear
susceptibility χ of the three-level system is given as
χ =
µge
ǫ0ε
ρge, (10)
where µge, ǫ0, and ε are the dipole moment from the
state |g〉 to the state |e〉 of the three-level system, the
vacuum permittivity, and the coupling strength between
the probe field and the three-level system. Thus, χ is
determined by ρge. When the quantized control field is
coupled to the tree-level system, the matrix element ρge
in Eq. (10) can be further expressed as
ρge =
∞∑
n=0
〈n, g| ρ |e, n〉 . (11)
We first show how to obtain ρeg by solving the master
equation
ρ˙ =
1
i~
[H, ρ] + κ(2aρa† − a†aρ− ρa†a), (12)
+
i>j∑
i,j=e,f,g
γij
2
[2σjiρσij − σijσjiρ− ρσijσji],
for the reduced density matrix ρ of the system in the
Born-Markov approximation when the system is at zero
temperature. We notice that incoherent pumping (the
finite temperature effect) or coherent pumping to the
quantized control field will be studied in later of this
manuscript. Here, the HamiltonianH is given by Eq. (1).
In Eq. (12), σij = |i〉 〈j| is the ladder operator of the
three-level system, where |i〉 and |j〉 are one of the states
|g〉, |f〉, and |e〉 with the order from the ground to the
second excited state; γij denotes the decay rate of the
three-level system when there is no cavity field. For ex-
ample, γeg denotes the decay rate from the state |e〉 to
the state |g〉 when there is no cavity field. κ represents
the decay rate of the quantized single-mode cavity field.
As discussed in Sec. II, the absorption spectrum of
the probe field by quantized-field-controlled three-level
system can be more conveniently solved in dressed state
basis. Thus, using the states |n, g〉, the dressed states
|un〉 and |vn〉 in Eq. (5) and Eq. (6), formed by states
|n, e〉 , |n+ 1, f〉 of the whole system as the basis, the op-
erators σij , a
† and their hermitian conjugations in the
master equation (12) can be rewritten via the relations
σij = |i〉 〈j| =
∑
n
|n, i〉 〈j, n| , (13)
a† =
∑
n,i
√
n+ 1 |n+ 1, i〉 〈i, n| . (14)
We note that the completeness conditions
∑
n |n〉〈n| = 1
and
∑
i |i〉〈i| = 1 for the states |n〉 and |i〉 of the single-
mode cavity field and three-level system are used when
Eqs. (13) and (14) are derived. Substituting expressions
of the Hamiltonian H , a†, σij and their hermitian conju-
gations in dressed state basis into Eq. (12), we can have
equations of motion for the matrix elements in dressed
state basis.
At the zero temperature as shown in Eq. (12), the
whole system is in vacuum and only the ground |0, g〉
is populated when the whole system is in the steady
state. As discussed in Fig. 2(a) of Sec. II, the sub-
space to study absorption spectrum of the probe field
is limited to the subspace formed by three basis states
|0, g〉 , |0, e〉 , |1, f〉, which can be rewritten in terms of
|0, g〉 ≡ |G〉, |u0〉 = cos θ0|0, e〉 − sin θ0|1, f〉 ≡ |u〉 and
|v0〉 = sin θ0|0, e〉+ cos θ0|1, f〉 ≡ |v〉 in the dressed state
basis. Thus the equations of motion for matrix elements
ρGv and ρGu are given by (the detailed derivations are
shown in Appendix A)
ρ˙Gv =
1
i~
[−E+,0ρGv + (ρvv − ρGG)~ε sin θ0eiωpt
+~ε cos θ0e
iωptρuv]
+ΓcρGu + ΓGvρGv, (15)
ρ˙Gu =
1
i~
[−E−,0ρGu + (ρuu − ρGG)~ε cos θ0eiωpt
+~ε sin θ0e
iωptρvu]
+ΓcρGv + ΓGuρGu. (16)
Here, we define the relaxation rates ΓGv and ΓGu as
ΓGv = −γe sin2 θ0 − (γf + κ) cos2 θ0,
ΓGu = −γe cos2 θ0 − (γf + κ) sin2 θ0,
and the relaxation rate
Γc = (−γe + γf + κ) sin θ0 cos θ0.
5with γe = (γeg + γef + γee)/2 and γf = (γfg + γff )/2.
Here, we assume γgg = 0.
By solving Eqs. (15) and (16) via perturbation theory,
we can obtain the density matrix ρge in vacuum case,
and then obtain the susceptibility χ for discussing VIT
and vacuum induced ATS by virtue of the imaginary part
Im[χ].
IV. VACUUM INDUCED TRANSPARENCY
AND AUTLER-TOWNES SPLITTING
A. Symmetric or asymmetric absorption
At the zero temperature, the quantized control field is
in the vacuum and the occupation is only in the ground
state |0, g〉 when the whole system reaches the steady
state. In this case, the susceptibility χ is proportional to
the matrix element
ρge = 〈0, g|ρ |e, 0〉 = cos θ0ρGu + sin θ0ρGv, (17)
which is expressed in the zero-photon dressed state ba-
sis. When Eq. (17) is derived, we express |0, e〉 as the
superposition of zero-photon dressed states |u0〉 ≡ |u〉
and |v0〉 ≡ |v〉, that is, |0, e〉 = cos θ0|u〉+ sin θ0|v〉.
It is obvious that ρge can be straightforwardly ob-
tained by solutions of ρGu and ρGv, which can be given
by solving Eqs. (15) and (16) using perturbation theory
for different orders of the strength ε of the probe field,
i.e., ρij =
∑
m=0 ε
mρ
(m)
ij with the subscript ij = Gv or
ij = Gu. The zero-order solution ρ
(0)
ij is a steady state
solution of the system when the probe field is not ap-
plied to the system. ρ
(0)
ij can be obtained by solving
Eqs. (15) and (16) with assumption ∂ρij/∂t = 0 and
ε = 0. Using the dressed state basis, we obtain ρ
(0)
GG ≈ 1
and ρ
(0)
uu = ρ
(0)
vv = ρ
(0)
uv = 0. Substituting these values of
the matrix elements into Eqs. (15) and (16), and then
solving the equations of motion up to the first order of ε,
we have
ρGv =
iε{sin θ0[i(ω−,0 − ωp) + ΓGu]− cos θ0Γc}
Γ2c − [i(ω−,0 − ωp) + ΓGu][i(ω+,0 − ωp) + ΓGv]
,
(18)
ρGu =
iε{cos θ0[i(ω+,0 − ωp) + ΓGv]− sin θ0Γc}
Γ2c − [i(ω−,0 − ωp) + ΓGu][i(ω+,0 − ωp) + ΓGv]
,
(19)
where ω±,0 = E±,0/~. Combining Eqs. (18)-(19) with
Eq. (17), we obtain the analytic solution of ρge as
ρge =
ε[∆ + i(γf + κ) + δ/2]
−∆2 − i(γe + γf + κ)∆ + C , (20)
with the detuning
∆ =
1
2
(ω+,0 + ω−,0)− ωp. (21)
The parameter C is given by
C = η2 + γeγf + γeκ+
δ2
4
+ i
δ
2
(−γe + γf + κ). (22)
We use Eq. (20) and Eq. (10) to obtain the imaginary
part Im[χ] of the susceptibility χ as
Im[χ] = Z
[
γe
(
∆+
δ
2
)2
+ η2(γf + κ) + γe(γf + κ)
2
]
,(23)
which has equivalent form to the imaginary part of the
susceptibility in Ref. [28]. Here
Z =
µge
ǫ0
{(
−∆2 + η2 + γeγf + δ
2
4
+ γeκ
)2
+
[
−∆(γe + γf + κ) + 1
2
δ(−γe + γf + κ)
]2}−1
.
In Fig. 3(a), we show the variation of Im[χ] with the de-
tuning ∆ when the cavity field resonantly interacts with
the three-level system and other parameters are given.
The solid, dashed and dash-dotted curves show the ab-
sorption spectra for different coupling strengths η. If the
three-level system and the cavity field are decoupled (i.e.
η = 0), as shown in the solid curve in Fig. 3(a), the
absorption profile exhibits single absorption peak. The
linewidth of the peak is roughly proportional to γe. Fig-
ure 3(a) also shows that the absorption spectra are sym-
metric when the cavity field resonantly interacts with
the three-level system. With the increase of the coupling
strength η, the absorption profile begins to exhibit a dip.
For example, when η = 2γf , there are two peaks and a
sharp dip in the center of the absorption spectrum, but
the distance between two peaks is smaller than 2η. As
η is further increased to 10γf , the distance between two
peaks becomes into 2η.
In Fig. 3(b), Im[χ] is further plotted as functions of
the detunings ∆ and δ. We find that the absorption
spectrum is asymmetric when the cavity field does not
resonantly interact with the three-level system, that is,
the asymmetric absorption is due to the detuning be-
tween the three-level system and the single-mode cavity
field. As shown in Fig. 3(b), the two peaks in the absorp-
tion spectrum have the same height when δ = 0. With
the increase of δ, the height of one peak is increased while
the other one is decreased, and then presents the asym-
metric profile. We note that the two absorption peaks for
δ < 0 behave oppositely in contrast to those for δ > 0.
This asymmetric property is very similar to that for a
classically driven three-level system [45] with the ladder-
type transition when the driving field does not resonant
with the three-level system. By analyzing the imaginary
part of the susceptibility χ, we find that when δ = 0,
the expression of Im[χ] is an even function of ∆, and has
the symmetric resonances. When δ 6= 0, the ∆δ term in
numerator makes the expression of Im[χ] neither an even
function nor an odd function of ∆. This results in profile.
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FIG. 3: (Color online) Illustration of the normalized absorp-
tion to the probe field in vacuum case with unit γf . (a) shows
the imaginary part of the susceptibility χ versus the atom-
probe detuning ∆ when δ = 0. The solid, dashed and dash-
dotted curves represent different coupling strengths η = 0,
η = 2γf and η = 10γf between the three-level system and
the single-mode cavity field. (b) shows the imaginary part of
the susceptibility χ versus the detunings ∆ (δ) between the
probe field (the cavity field) and the three-level system. Here
we assume γe = 5γf and κ = 0.2γf .
We mention that the spectrum in Ref. [45] is calcu-
lated in the rotating reference frame with the frequency
of the control field, the two asymmetric resonances have
the same distance relevant to the shifted origin (the ori-
gin of the rotating reference frame) when the control field
is unresonant with the three-level system, thus two asym-
metric resonances have different distances relevant to un-
shifted origin. This results in an observation that two
asymmetric resonances in Ref. [45] are shifted by an un-
equal amount from the unperturbed resonance at zero
probe-detuning. However, in our calculation, we work in
the laboratory picture, the two asymmetric resonances
have the same distance relevant to the unshifted origin,
that is, they have an equal amount frequency shift from
the unperturbed resonance at zero probe-detuning.
Below, we will further analyze the reason why there
are different distances between two peaks of the absorp-
tion spectra in different coupling strengths, as shown in
Fig. 3(a). These are related to VIT and vacuum induced
ATS.
B. Vacuum induced transparency and
Autler-Townes splitting
1. Resonance decomposition
In analogy to ATS and EIT for a classically driven
three-level system, we further analyze physical mecha-
nism of the dip and two peaks as shown in Fig. 3 when
the three-level system is coupled to the single-mode cav-
ity field in vacuum case. Here, we study the condition
to discern VIT from vacuum induced ATS. To simplify
discussions, we only consider the case that the cavity
field resonantly interacts with the three-level system, i.e.,
δ = 0. Following the method as in Refs. [8, 11], we
first decompose the linear susceptibility χ into two reso-
nances. That is, using Eq. (10) and Eq. (20), the suscep-
tibility χ in vacuum case can be decomposed as
χ = R1(∆) +R2(∆) (24)
with
R1(∆) ≡ β
∆1 −∆2
∆1 + i(γf + κ)
∆−∆1 ,
R2(∆) ≡ β
∆1 −∆2
−∆2 − i(γf + κ)
∆−∆2 ,
with β = µge/ǫ0. Here, we note that the similar decom-
position as in Eq. (24) can be obtained for the expression
of the susceptibility in Ref. [28]. That is, the resonance
decomposition in Eq. (24) can be applied to analyze the
formula in Ref. [28]. Hereafter, we call R1(∆) and R2(∆)
as the resonances. The parameters ∆1 and ∆2 are the
complex roots of equation
∆2 + i(γe + γf + κ)∆− C = 0, (25)
derived from Eq. (20). Here, the parameter C is given
in Eq. (22) with δ = 0. In this case, ∆1 and ∆2 can be
given by
∆1 =
1
2
[
−i(γe + γf + κ) +
√
4η2 − η2T
]
, (26)
∆2 =
1
2
[
−i(γe + γf + κ)−
√
4η2 − η2T
]
, (27)
with ηT = |γf + κ− γe|. It is clear that both ∆1 and ∆2
are pure imaginary numbers when 4η2−η2T < 0, but they
are complex numbers when 4η2 − η2T > 0. Below we fur-
ther analyze how ∆1 and ∆2 change with the variations
of different parameters.
In Fig. 4(a) and Fig. 4(b), the real and imaginary parts
of ∆1 and ∆2 are plotted as the function of the cavity
decay rate κ for given parameters, e.g., η = 4γf and
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FIG. 4: (Color online) The real and the imaginary parts of ∆1 (red solid) and ∆2 (blue dashed) in (a) and (b) are plotted as
the function of the cavity decay rate κ. Here, we assume γe = 5γf and η = 4γf . The real and the imaginary parts of ∆1 (red
solid) and ∆2 (blue dashed) in (c) and (d) are plotted as the function of the coupling strength η. Here, we assume γe = 5γf
and κ = γf .
γe = 5γf . From Fig. 4(a) and Fig. 4(b), we find that
4η2 − η2T < 0 when κ < 2γf or κ > 6γf . Both ∆1 and
∆2 are pure imaginary numbers, and therefore their real
parts are zero. However, 4η2 − η2T > 0 when the decay
rate κ of the cavity field is in the range 2γf < κ < 6γf ,
∆1 and ∆2 become complex numbers. In this case their
real parts have different signs and the same amplitude,
but their imaginary parts have the same amplitude.
In Fig. 4(c) and Fig. 4(d), the real and the imag-
inary parts of ∆1 and ∆2 are plotted as the function
of the coupling strength η between the cavity field and
the three-level system for given parameters, e.g., κ = γf
and γe = 5γf . This plot is similar to that in Ref. [47].
We find that there are two different parameter regimes:
(i) the strong coupling regime when η > ηT /2 and (ii)
the weak coupling regime when η < ηT /2. In the weak
coupling regime, ∆1 and ∆2 are pure imaginary num-
bers with different amplitudes, this means that the res-
onances R1(∆) and R2(∆) have the same frequency but
different linewidths. In the strong coupling regime, the
real parts of ∆1 and ∆2 have different signs and same
amplitude. This means that the resonances R1(∆) and
R2(∆) have the same linewidth and different frequencies.
This property is quite similar to that of PT-symmetric
system [30–32]. In the broken PT-symmetric regime, the
two coupled modes have different linewidths while the
frequencies are degenerate, this corresponds to the weak
coupling regime here for η < ηT /2. In the PT-symmetric
regime, the two modes have the same linewidth while the
frequencies are different, this corresponds to the strong
coupling regime here for η > ηT /2.
2. Threshold condition for VIT and vacuum induced ATS
To study the condition for realizing VIT and vacuum
induced ATS, we should first find the dip in the absorp-
tion spectrum. For convenience, we call it as the dip
condition. A dip in the absorption spectrum means that
the second derivative of Im[χ] at ∆ = 0 is positive. By
solving ∂2Im[χ]/∂∆2 > 0, we obtain the dip condition
η > (γf + κ)
√
γf + κ
2(γf + κ) + γe
. (28)
Besides the dip condition, we would like to find a critical
value to distinguish VIT and vacuum induced ATS. By
applying 4η2 − η2T = 0, we obtain the threshold
η =
1
2
ηT . (29)
It is clear that VIT and vacuum induced ATS can be
distinguished from this threshold condition. According
to Ref. [11], the vacuum induced ATS should occur in
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FIG. 5: (Color online) Imaginary parts of the susceptibility Im[χ] (red solid curve), the resonances Im[R1(∆)] (blue dashed
curve) and Im[R2(∆)] (green dash-dotted curve) are plotted as the function of the detuning ∆ between the three-level system
and the probe field for different parameters: (a) γe = 10γf , κ = 0 and η = 3.9γf ; (b) γe = 10γf , κ = γf and η = 3.9γf ; (c)
γe = 10γf , κ = γf and η = 4.1γf ; (d) γe = 10γf , κ = γf and η = 10γf .
the regime η > ηT /2, which is called the strong-coupling
regime in analogy to the strong driving regime for the
ATS in classically driven three-level system. In this
regime, two resonances have different frequencies and the
same linewidth as shown in Fig. 4. While VIT should
occur in the regime η < ηT /2, which is called the weak-
coupling regime in analogy to the weak driving regime
for EIT in classically driven three-level system. In this
regime, two resonances have different linewidths and the
same frequency as shown in Fig. 4. Therefore, these two
coupling regimes can be distinguished by observing the
shapes of Im[R1(∆)] and Im[R2(∆)]. In vacuum induced
ATS regime, both Im[R1(∆)] and Im[R2(∆)] are posi-
tive Lorentzian shapes centered at ∆ =
√
4η2 − η2T and
∆ = −
√
4η2 − η2T , respectively. While in VIT regime,
Im[R1(∆)] and Im[R2(∆)] have Lorentzian shapes with
opposite signs centered at ∆ = 0.
Combining the dip condition in Eq. (28) and the
threshold condition in Eq. (29), we obtain the condition
to realize VIT
(γf + κ)
√
γf + κ
2(γf + κ) + γe
< η <
1
2
ηT , (30)
and that to realize vacuum induced ATS
η > max
{
1
2
ηT , (γf + κ)
√
γf + κ
2(γf + κ) + γe
}
, (31)
for the coupling strength η. Note that, if VIT regime
exists, the relation (γf+κ)
√
(γf + κ)/[2(γf + κ) + γe] <
ηT /2 should also be satisfied, which leads to
γe > 2(γf + κ). (32)
To simplify the notation, we introduce two parameters
γR and ηR to interpret the conditions in Eqs. (30)-(32).
Here, we define γR = γe/(γf + κ) and ηR = η/(γf + κ).
Using γR and ηR, Eqs. (30)-(32) can be rewritten as
ηd < ηR < ηc, (33)
γR > 2, (34)
for VIT and
ηR > ηc, γR > 2, (35)
ηR > ηd, γR < 2, (36)
9for vacuum induced ATS with
ηd =
1√
2 + γR
, (37)
ηc =
1
2
|1− γR| . (38)
From above derivations, we conclude that the condition
to realize VIT and vacuum induced ATS is similar to
that of EIT and ATS, but there are differences. In both
VIT and vacuum induced ATS, the dip condition not
only depends on the atomic decay rates γf and γe, but
also the decay rate κ of the cavity, which can be found
from Eq. (28). The condition for VIT is γe > 2(γf + κ),
however the condition for EIT is γe > 2γf , thus VIT is
more difficult to be realized in comparing with EIT.
In Fig. 5, we show the imaginary part Im[χ] of the
susceptibility χ for absorption spectrum, the resonances
Im[R1(∆)] and Im[R2(∆)] for several sets of possible val-
ues of the parameters. Compared to conventional EIT,
the cavity decay κ here plays a crucial role in realizing
VIT. To highlight the effect of κ, we assume γf is much
smaller than γe and η, this condition may be satisfied
in certain physical systems. According to the criteria in
Eqs. (33)-(36), we can verify that Figs. 5(a) and (b) are
in VIT regime, while Figs. 5(c) and (d) are in vacuum
induced ATS regime. Comparing Fig. 5(a) (where κ = 0)
with Fig. 5(b) (where κ = γf ), we know that the cavity
decay κ has a negative effect in VIT as we discussed be-
fore. In Figs. 5(b) and (c), we show the curves of Im[χ] for
η = 3.9γf and η = 4.1γf , but other parameters are the
same. We can find the transition from VIT in Fig. 5(b)
to vacuum induced ATS in Fig. 5(c) with a change of the
coupling strength η. In Fig. 5(d), the coupling strength is
further increased and two Lorentzian peak appear. The
curve for Im[χ] is completely in vacuum induced ATS
regime. We mention that Akaikes information criterion
has been proposed as an objective test to discern the best
model for experimentally obtained absorption or trans-
mission spectra [10] when the data are inconclusive. This
criterion can also be applied to analyze the experimental
data of VIT and vacuum induced ATS.
We note that our study here is very different from those
in Refs. [22, 23], where they studied EIT and ATS using
three energy levels chosen from many energy levels of a
two-level system dressed by a cavity field. In their study,
both the classical control and probe fields are applied to
the selected three-level system. The role of the cavity
field in Refs. [22, 23] is to assist the two-level system
realizing a three-level system. These systems in Refs. [22,
23] are still used to study a conventional EIT and ATS.
However, we here study a three-level system, in which
two upper energy levels are coupled to a quantized single-
mode cavity field, one and only one classical probe field
is applied to the system. The quantized cavity field acts
as a control field. Thus we study quantized-field-induced
quantum interference and frequency shift, we here call
them as VIT and vacuum induced ATS. Therefore, the
cavity field in our study here and in Refs. [22, 23] has
very different purpose.
V. PHOTON RESOLVED AULTER-TOWNES
SPLITTING
In Sec. IV, we mainly analyze the absorption of probe
field by the three-level system when the quantized control
field is in vacuum at the steady state. This is realized
by a zero temperature assumption of the environment.
In this section, we further study the absorption when
the quantized control field contains the finite number of
photons at the steady state. This situation is different
from the classical control field with very large number of
photons for EIT and ATS, also different from the quan-
tized control field without photon for VIT and vacuum
induced ATS. The finite photon number of quantized con-
trol field might be realized by incoherent pumping or co-
herent pumping to the quantized control field.
A. Incoherent pumping
We assume that the incoherent pumping is realized by
taking the environmental temperature T into account.
In this case, the master equation in Eq. (12) is further
modified to
ρ˙ =
1
i~
[H, ρ] + (nth + 1)κ(2aρa
† − a†aρ− ρa†a)
+nthκ(2a
†ρa− aa†ρ− ρaa†) (39)
+
i>j∑
i,j=e,f,g
γij
2
[2σjiρσij − σiiρ− ρσii]
with the thermal photon nth = 1/(e
~ω/kbT − 1) of the
quantized control field. Here, for simplicity and with loss
of generality, we have neglected effect of the temperature
on the three-level system.
At the finite temperature, nth 6= 0, thus not all popu-
lation remains in the ground state |0, g〉 when the system
reaches steady state, other states, e.g., the states |1, g〉,
|2, g〉, · · · , |n, g〉, may also be occupied. That is, all pos-
sible states of the system might be involved in zero-order
solutions of all matrix elements of the density matrix.
Therefore, it is very difficult to obtain analytical solu-
tions of χ at the finite temperature. From Eq. (10), we
know that the susceptibility χ is only related to states
|n, g〉 and |n, e〉. To observe how the temperature af-
fects the population in different states, we numerically
solve Eq. (39) by truncating photon numbers to 60. In
Fig. 6, we show how the populations in, e.g., the states
|0, g〉, |1, g〉 and |2, g〉, vary with the temperature T for
ε = 0 when the system reaches the steady state under the
resonant interaction between the three-level system and
the quantized control field. As shown in Fig. 6, when
the environmental temperature is below 10 mk, almost
all population is in the ground |0, g〉, the population in
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FIG. 6: (Color online) The populations in the states |0, g〉,
|1, g〉 and |2, g〉 as a function of the environmental tempera-
ture T when the system reaches the steady state. Here, we
assume that the three-level system resonantly interacts with
the quantized control field, i.e., δ = 0. P0 (blue solid curve),
P1 (red dashed curve) and P2 (green dash-dotted curve) rep-
resent the population in |0, g〉, |1, g〉 and |2, g〉, respectively.
Here we assume γe = 5γf , κ = 0.2γf and η = 2γf , that is, we
use γf as units in our numerical calculations.
other states is negligibly small. However, with the in-
crease of the temperature, the population in the state
|0, g〉 is decreased, the populations in other states, e.g.,
|1, g〉 and |2, g〉, are increased.
Using master equation in Eq. (39), Im[χ] is plotted as a
function of the detuning ∆ in Fig. 7 under the resonant
interaction (i.e., δ = 0) between the three-level system
and the quantized control field. Fig. 7 shows Im[χ] ver-
sus ∆ when the three-level system and the quantized field
are either in weak or strong coupling regime for VIT or
vacuum induced ATS at the temperatures T = 0 mK,
T = 10 mK and T = 80 mK, respectively. At the
zero temperature, the quantized control field is in vac-
uum when the whole system reaches steady state, thus
Im[χ] is only proportional to 〈e, 0|ρ|0, g〉 as discussed in
Sec. IV. Under certain condition, two peaks can appear
in the absorption spectra as shown in Fig. 3 and Fig. 5.
At the finite temperature, there are populations in the
states |n, g〉 with n > 0. Thus, Im[χ] should include not
only 〈e, 0|ρ|0, g〉 for vacuum but also 〈e, n|ρ|n, g〉 with
n > 0 for the finite photon number. In the weak coupling
regime for VIT, the distances between any two peaks of
different photon numbers in the same side of the spec-
trum are smaller than the linewidth of each peak, thus we
cannot observe photon number resolved peaks. However,
in the strong coupling regime for vacuum induced ATS,
the distances between any two peaks of different photon
numbers in the same side of the spectrum can be larger
than the linewidth of each peak, thus photon resolved
peaks can be observed. For example, two peaks approx-
imately locate at −η and η in the spectrum for vacuum
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FIG. 7: The imaginary part Im[χ] of the susceptibility χ
is plotted as the function of the detuning ∆ between the
three-level system and the probe field when the three-level
system resonantly interacts with the quantized control field.
(a) shows the absorption spectra in the weak coupling regime,
e.g., η = 4γf . (b) shows the absorption spectra in the strong
coupling regime, e.g., η = 80γf . In each figure, we take three
temperatures: zero temperature (blue solid curve); 10 mK
(red dash-dotted curve), 80 mK (green dashed curve). Here,
we assume γe = 5γf , κ = γf .
case corresponding to 〈e, 0|ρ|0, g〉, but two peaks locate
at −η√2 and η√2 in the spectrum for single-photon case
corresponding to 〈e, 1|ρ|1, g〉. When (√2 − 1)η > γe,
single-photon peak and vacuum peak can be resolved.
Fig. 7(a) shows Im[χ] versus ∆ in the weak coupling
regime for VIT. When the temperature of the system
is not high, Im[χ] for the finite photon number at fi-
nite temperature almost overlaps with that for vacuum
at zero temperature, but the heights of two peaks in ab-
sorption spectrum are slightly reduced due to the effect
of the temperature. This is because only single occupa-
tion plays a role, other occupations are negligibly small.
When the temperature is further increased more than 10
mK, as shown in Fig. 6, the more states |n, g〉 (n > 0)
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for higher energy levels are involved. Although Im[χ]
is proportional to the summation of all possible matrix
elements 〈e, n|ρ|n, g〉 as shown in Eq. (17), the photon-
number dependent peaks in absorption spectrum are not
resolved in the weak coupling regime. As a result, (i) the
linewidths of two peaks are broadened and the heights
of two peaks are suppressed; (ii) the position of each
peak is shifted comparing with that at zero temperature,
because the peak of each component corresponding to
〈e, n|ρ|n, g〉 in Im[χ] is slightly different, the peak posi-
tion of the summation for all these peaks is different from
anyone of these peaks. Such photon number dependent
EIT might be used to realize photon number dependent
group delay for the probe field. However, in the strong
coupling case, as shown in Fig. 7(b), when the tempera-
ture of the system is zero, Im[χ] exhibits two peaks, we
call them as vacuum induced ATS. When the tempera-
ture of the system is further increased, e.g., T = 10 mK,
Im[χ] exhibits even number of peaks, we call them as
photon number resolved Aulter-Townes spectrum. But
if the temperature is further increased, the linewidth of
each peak also becomes larger, then many peaks for pho-
ton number resolved spectrum will gradually become into
two peaks.
B. Coherent pumping
We now consider another case that the quantized con-
trol field is pumped by a weak coherent field. In this
case, the Hamiltonian in Eq. (1) is modified to
HCoh = ~ωca
†a+ ~ωe |e〉 〈e|+ ~ωf |f〉 〈f | (40)
+~η(|e〉 〈f |a+ h.c.)
+~ε(|e〉 〈g| e−iωpt + h.c.) + ~Ω(a†e−iωdt + h.c.),
where ωd is the frequency of the pumping field and Ω
is the coupling strength between the pumping field and
quantized control field. Similar to the effect of thermal
photons, a coherent pumping field can also modify the oc-
cupations of photons in different states when the whole
system reaches the steady state. This will also result in
photon number dependent absorption to the probe field.
To solely consider the pumping effect and without loss
of generality, we assume that the whole system is at zero
temperature. In this case, replacing H in Eq. (12) by
HCoh in Eq. (40), we can numerically study the absorp-
tion spectrum by solving the master equation. In our
simulation, the photon number is truncated to 60.
As shown in Fig. 8(a), all the population remains in the
ground |0, g〉 when the pumping field is not applied, i.e.,
Ω = 0. With the increase of the strength Ω of the pump-
ing field, the population occupation in the state |0, g〉 is
decreased while the populations in the states |1, g〉, |2, g〉
and |3, g〉 are increased. In Fig. 8(b), we show the imag-
inary part Im[χ] of the susceptibility χ versus the de-
tuning ∆ when the three-level system and the quantized
control field is in the strong coupling regime for vacu-
umed induced ATS. When Ω = 0, as shown in the blue
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FIG. 8: (Color online) (a) The populations in the states |0, g〉,
|1, g〉, |2, g〉 and |3, g〉 as a function of the driving strength
Ω when the system reaches the steady state. Here, we as-
sume that the three-level system resonantly interacts with
the quantized control field, i.e., δ = 0. P0 (blue solid curve),
P1 (red dashed curve), P2 (yellow dotted curve), P3 (purple
dash-dotted curve) represent the populations in |0, g〉, |1, g〉,
|2, g〉 and |3, g〉, respectively. (b) The imaginary part Im[χ] of
the susceptibility χ versus the detuning ∆. Here we assume
γe = 5γf , κ = γf and η = 80γf , that is, we use γf as units in
our numerical calculations.
solid curve in Fig. 8(b), the absorption spectrum corre-
sponds to vacuum induced ATS, which is discussed in
Sec. IV B. When Ω = 0.4γf , as shown in the red dashed
curve in Fig. 8b, the peaks located at ∆ = ±η, ±√2η and
±√3η emerge. The heights of these peaks correspond to
the populations in the states |0, g〉, |1, g〉, |2, g〉 and |3, g〉
in Fig. 8(a) at Ω = 0.4γf . When Ω = 0.8γf , the popu-
lation in the state |0, g〉 is smaller than that in each of
the states |1, g〉, |2, g〉 and |3, g〉, and the corresponding
peaks located at ∆ = ±η are also lower than others.
We find that the absorption spectrum of the probe
field in coherent pumping is very similar to that of the
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the three-level system and the quantized control field is
in the parameter regime of VIT. That is, there might
be two peaks and one dip in the absorption spectrum.
With the increase of the strength of the pumping field,
the heights of two peaks are reduced and the linewidths
of two peaks are broadened. When the strength of the
pumping field is further increased, the quantized control
field approaches to the classical one, then the spectrum
approaches to that of EIT. There is a difference for the
absorption spectra between the coherent pumping and
the incoherent pumping. When the quantized control
field is coherently pumped, the steady-state population
in the state |n, g〉 (n 6= 0) can exceed that in the state
|0, g〉 when the strength Ω of the pumping field is large
enough. If the coupling strength between the three-level
system and the quantized control field is in the parameter
regime of vacuum induced ATS, as shown in Fig. 8(b)
for the strong pumping case (the green dotted curve),
then we have photon number resolved spectrum. The
peaks located in ∆ = ±η correspond to the transition
from |0, g〉 to |0, e〉. The peaks located in ∆ = ±√nη
correspond to the transition from |n, g〉 to |n, e〉 (n 6=
0). From Fig. 8(a), we can find that the steady-state
population in the state |0, g〉 is smaller than that in the
state |n, g〉 (n 6= 0) when Ω = 0.8γf . This makes that
the heights of peaks located in ∆ = ±η are lower than
those of peaks located in ∆ = ±√nη. However, when
the quantized control field is incoherently pumped, the
steady-state population in the state |0, g〉 is always larger
than those in other states |n, g〉 (n 6= 0).
VI. DISCUSSIONS ON POSSIBLE
APPLICATIONS TO SUPERCONDUCTING
QUANTUM CIRCUITS
Our study here can in principle be applied to any Λ-
type three-level system, coupled to a quantized single-
mode cavity field and detected by a weak probe field,
as schematically shown in Fig. 1. For example, a three-
level atomic system, coupled to a quantized field [28, 48],
is good for demonstrating VIT because of smaller de-
cay rate of the first excited state and weaker coupling
strength between the three-level system and quantized
control field, but atomic systems might not be easy to
demonstrate vacuum induced ATS because the coupling
strength between the three-level system and the quan-
tized control field is not very strong.
Let us now explore another possibility to demonstrate
these phenomena using superconducting circuit QED sys-
tem [33], which is extensively studied for quantum in-
formation processing and quantum optics on supercon-
ducting chip [18–20]. For concreteness of discussions, we
assume that the three-level system with Λ-type transi-
tions is constructed by a superconducting flux qubit cir-
cuit [49–51] when the magnetic flux bias deviates from
the optimal point. Recently, such a three-level flux qubit
circuit is used to demonstrate the correlated microwave
lasing [52] by coupling it to two modes of a coplanar
waveguide resonator. Using experimentally accessible pa-
rameters in Ref. [52], e.g., decay rates γe = 2π×7.5 MHz
and γf = 2π×3.25 MHz of three-level system, and decay
rate κ = 2π × 0.63 MHz for one of modes, and coupling
strength η = 2π× 36 MHz between this mode and three-
level system, we can obtain γR=1.93, ηR=9.28, ηd=0.50
and ηc=0.47. Evaluating the parameters γR, ηR, ηd and
ηc with the conditions in Eqs. (33)-(36), we find that the
vacuum induced ATS can be demonstrated using this set
of experimental parameters. Moreover, it is possible to
demonstrate photon number resolved ATS in this sys-
tem. We also find that the value of γR, with parameters
in Ref. [52], is very close to 2. Thus, if the experimental
parameters can be further optimized so that γR > 2, and
also a proper coupling strength η can be chosen, then
VIT can be realized in such superconducting three-level
system coupled to a single mode microwave field.
Although we only discuss possible realization in a
three-level superconducting flux qubit circuit which is
coupled to a microwave cavity field, the study here can
also be applied to phase [36, 37, 53] and other supercon-
ducting quantum circuits, which possess Λ-type transi-
tions. We mention that the inversion symmetry of the
potential energy for superconducting flux [49–51], trans-
mon [54, 55] and Xmon [56] qubit circuits is well defined,
thus the transition from the ground state to the second
excited state is forbidden at the optimal point. They have
ladder-type transitions and no Λ-type transitions at the
optimal point. How VIT and vacuum induced ATS oc-
cur in such a ladder-type three-level system is still under
study.
VII. CONCLUSIONS
In conclusion, we have studied the absorption spec-
trum of a probe field by a Λ-type three-level system, in
which two upper energy levels are coupled to a quantized
single-mode control field. If the quantized control field
is replaced by a classical control field, then the system
is usually studied for EIT and ATS. We find that there
are similarity and difference in the absorption spectra
for the classical and quantized control field. (1) If the
quantized control field is in vacuum, then the vacuum
induced absorption spectrum is very similar to EIT and
or ATS spectrum. That is, there is a transparency win-
dows formed by two peaks and a dip in the absorption
spectrum. In the parameter regime of the weak cou-
pling between the quantized control field and three-level
system, VIT might occur. Similar to EIT, the distance
between two peaks in the absorption spectrum for VIT is
smaller than two times of the coupling strength. More-
over, we find that VIT is more difficult to be realized
than EIT when the cavity leakage is included. That is,
the cavity decay plays a negative role in the realization of
VIT. In the strong coupling regime, vacuum induced ATS
occur. Similar to ATS, the distance between two peaks in
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the absorption spectrum for vacuum induced ATS is two
times of the coupling strength. (2) If the quantized con-
trol field contains finite number of photons, then in the
weak coupling regime, absorption spectrum is also similar
to that of EIT. Only difference is that the heights of two
peaks will be suppressed and the linewidths of two peaks
are broadened with the increase of the photon number.
When photon number is further increased, the quantized
control field approaches classical one, then the spectrum
approaches to that of EIT. In particular, in the strong
coupling regime, we find the so-called photon number re-
solved ATS, which is very different from ATS. There are
even number of peaks in the absorption spectrum. We
mention that there were experiments on photon number
resolved spectrum [57, 58] when a superconducting qubit
(a two-level system) is strongly coupled to a quantized
field. There, two-level system is dispersively coupled to
the quantized field, the photon number is observed by
virtue of the ac Stark shifted qubit frequency [57, 58].
Here, a three-level system is resonantly coupled to the
quantized field, the photon number is observed by virtue
of the resonant absorption spectrum.
Comparing with studies for VIT [27, 28], we here give
the threshold condition to discern VIT from vacuum in-
duced ATS in such a system. The realization of VIT re-
quires that the coupling strength between the three-level
system and the quantized control field is smaller than a
critical value, which depends on the damping rates of the
three-level system and the quantized control field. How-
ever, the realization of the vacuum induced ATS requires
that the coupling strength between the three-level system
and the quantized control field is larger than the critical
value. We also show that the parameter changing from
VIT to vacuum induced ATS is very similar to that from
broken PT symmetry to PT symmetry. Furthermore,
we studied the photon number dependent spectrum, in
particular, we show a photon number resolved ATS in
the parameter regime of the strong coupling between the
quantized control field and three-level system
We also explore possible experiments using natural
atomic systems or superconducting quantum circuits.
We find that three-level natural atomic systems might be
a good candidate to demonstrate VIT because of smaller
decay rate of the first excited state and weaker cou-
pling strength between three-level system and quantized
control field, but atomic systems might not be easy to
demonstrate vacuum induced ATS because the coupling
strength between the three-level system and the quan-
tized control field is not very strong. However, vacuum
induced ATS is easy to be demonstrated in the supercon-
ducting quantum circuits because the coupling strength
between three-level superconducting qubit circuit and the
quantized control field can be very strong, but VIT may
not be easy to be demonstrated. Thus, to show VIT
in superconducting quantum system, the decay rates of
two excited states of three-level system should be further
optimized.
In summary, we study the quantized field controlled
absorption spectrum in a three-level system. In particu-
lar, we give a threshold to discern VIT from vacuum in-
duced ATS. We also find photon number resolved ATS,
which is very different from ATS and vacuum induced
ATS. We hope that our study can motivate more exper-
iments to realize photon control for weak probe field at
single-atom and single-photon level.
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Appendix A: Calculation of equation of motion of
matrix elements
In dressed state picture, the operators σij and a
† with
their hermitian conjugate σji and a can be given by
σge = cos θ0 |G〉 〈u|+ sin θ0 |G〉 〈v| , (A1)
σfe = cos θ0 |0, f〉 〈u|+ sin θ0 |0, f〉 〈v| , (A2)
σgf = |G〉 〈0, f | , (A3)
a† =
∣∣∣g′〉 〈G| − sin θ0 |u〉 〈0, f |+ cos θ0 |v0〉 〈0, f | ,(A4)
a†a =
∣∣∣g′〉〈g′ ∣∣∣+ sin2 θ0 |u〉 〈u|+ cos2 θ0 |v〉 〈v|
− sin θ0 cos θ0 |u〉 〈v| − sin θ0 cos θ0 |v〉 〈u| . (A5)
Note that |0, f〉 isn’t belong to any subspace, if we replace
the term that contain |0, f〉 by zero, the result remain to
be the same.
Since ρge is the superposition of ρGu and ρGv, we sub-
stitute the above equations and the dressed Hamiltonian
Hc in Eq. (4) and Hp in Eq. (9) into Eq. (12), then we
can list all terms of the equations of motion for ρGu and
ρGv.
ρ˙Gv = 〈G| ρ˙ |v〉
ρ˙Gu = 〈G| ρ˙ |u〉
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Because, we have
1
i~
〈G| [H, ρ] |v〉 = 1
i~
[−E+0ρGv + ~ε cos θ0eiωptρuv,
+(ρvv − ρGG)~ε sin θ0eiωpt],
1
i~
〈G| [H, ρ] |u〉 = 1
i~
[−E−0ρGu + ~ε sin θ0eiωptρvu,
+(ρuu − ρGG)~ε cos θ0eiωpt],
〈G|Dge(ρ) |v〉 = − cos θ0 sin θ0ρGu − sin2 θ0ρGv,
〈G|Dfe(ρ) |v〉 = − cos θ0 sin θ0ρGu − sin2 θ0ρGv,
〈G|Dee(ρ) |v〉 = − cos θ0 sin θ0ρGu − sin2 θ0ρGv,
〈G|Dgf (ρ) |v〉 = cos θ0 sin θ0ρGu − cos2 θ0ρGv,
〈G|Dff(ρ) |v〉 = cos θ0 sin θ0ρGu − cos2 θ0ρGv,
〈G|Daa†(ρ) |v〉 = cos θ0 sin θ0ρGu − cos2 θ0ρGv,
〈G|Dge(ρ) |u〉 = − cos2 θ0ρGu − sin θ0 cos θ0ρGv,
〈G|Dfe(ρ) |u〉 = − cos2 θ0ρGu − sin θ0 cos θ0ρGv,
〈G|Dee(ρ) |u〉 = − cos2 θ0ρGu − sin θ0 cos θ0ρGv,
〈G|Dgf (ρ) |u〉 = − sin2 θ0ρGu + sin θ0 cos θ0ρGv,
〈G|Dff (ρ) |u〉 = − sin2 θ0ρGu + sin θ0 cos θ0ρGv,
〈G|Daa†(ρ) |u〉 = − sin2 θ0ρGu + sin θ0 cos θ0ρGv,
where we define Dij(ρ) = 2σijρσji − σjjρ − ρσjj (i, j =
g, f, e, a, a†). Thus, we obtain the equations of motion
for ρGu and ρGv as shown in Eqs. (15) and (16).
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